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On the robustness of stabilizing feedbacks for quantum spin-1
2
systems
Weichao Liang†, Nina H. Amini∗ and Paolo Mason∗
Abstract—In this paper, we consider stochastic master equa-
tions describing the evolution of quantum spin- 1
2
systems
interacting with electromagnetic fields undergoing continuous-
time measurements. We suppose that the initial states and the
exact values of the physical parameters are unknown. We prove
that the feedback stabilization strategy considered in [16] is
robust to these imperfections. This is shown by studying the
asymptotic behavior of the coupled stochastic master equations
describing the evolutions of the actual state and the estimated
one under appropriate assumptions on the feedback controller.
We provide sufficient conditions on the feedback controller
and a valid domain of estimated parameters which ensure
exponential stabilization of the coupled system. Furthermore,
our results allow us to answer positively to [15, Conjecture 4.4]
in the case of spin- 1
2
systems with unknown initial states, even
in presence of imprecisely known physical parameters.
I. INTRODUCTION
Classical stochastic filtering theory [14], [24] provides
tools to optimize the estimation of dynamics described by
stochastic differential equations, in presence of noisy ob-
servations. A primitive theory of quantum filtering theory
appeared in the work of Davies in the 1960s [9], [10].
Belavkin in the 1980s established original results in quantum
filtering and feedback control of quantum systems, as a
natural extension of classical filtering and control [1], [2],
[3], [4]. The development of quantum probability theory and
quantum stochastic calculus [13], [12], [18] provided essen-
tial mathematical tools to describe open quantum systems
and quantum filtering. In the physics community, quantum
filtering theory is also known as quantum trajectory theory,
after it has been established in a more heuristic manner,
by Carmichael in the 1990s [8]. A modern introduction to
quantum filtering theory may be found in [5].
Continuous-time quantum filters describe the time evo-
lution of the states of open quantum systems interacting
with electromagnetic fields undergoing continuous-time mea-
surements. Quantum filters are solutions of matrix-valued
stochastic differential equations called stochastic master
equations.
Quantum filtering theory plays a major role in the devel-
opment of quantum feedback control. A measurement-based
feedback is designed based on the information obtained
from quantum filters. The systematic design of stabilizing
feedback control laws for quantum systems is a crucial
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step towards engineering of quantum devices. In particular,
feedback stabilization of pure states has received particular
interest [21], [19], [23]. In real experiments different sorts
of imperfections may be present, as for instance inefficient
detectors, unknown initial states, imprecise knowledge of the
detector efficiency and other physical parameters, etc. Hence,
from a practical point of view, choosing feedback controls
which are robust to such imperfections is an important, and
challenging, problem.
Concerning quantum angular momentum systems with
known initial states and parameters, in [23], based on
numerical approaches, the authors designed for the first
time a quantum feedback controller that globally stabilizes
a quantum spin- 12 system towards an eigenstate of σz in
presence of imperfect measurements. More recently, in [19],
by analyzing the stochastic flow and by using stochastic
Lyapunov techniques, the authors constructed a switching
feedback controller which globally stabilizes the N -level
quantum angular momentum system, in presence of imper-
fect measurements, to the target eigenstate. In [16], [17], by
using stochastic and geometric control tools, we provided
sufficient conditions on the feedback control law ensuring
almost sure exponential convergence to a predetermined
eigenstate of the measurement operator for spin- 12 and spin-J
systems respectively (see [7], [6] for exponential stabilization
results via a different approach).
In [15], we considered controlled quantum spin- 12 systems
in the case of unawareness of initial states and in presence
of measurement imperfections. We proved that the fidelity
between the quantum filter and the associated estimated filter
converges to one under appropriate assumptions on the feed-
back controller. For spin-J systems, we considered feedback
controls of a particular form, and we conjectured that such
control laws are capable of exponentially stabilize the system
towards an eigenstate of the measurement operator.
In this paper, we study the feedback exponential stabi-
lizability of spin- 12 systems in presence of measurement
imperfections and unawareness of the initial states and of
the physical parameters (namely, the detection efficiency, the
difference between the energies of the excited state and the
ground state, and the strength of the interaction between
the system and the probe). We find general conditions on
the feedback control guaranteeing robust exponential stabi-
lization with respect to such imperfections. The dynamics
is defined by a coupled system of equations describing the
evolutions of the quantum filter and the associated estimated
filter, with the feedback controller being a function of the
estimated quantum filter. In order to show our main result,
Theorem 3, we analyze the asymptotic behavior of the cou-
pled system under appropriate assumptions on the feedback
controller. In particular, we provide sufficient conditions on
the feedback controller and a valid domain for the estimated
parameters which ensure exponential feedback stabilization
of the coupled quantum spin- 12 system. Moreover, we give
explicit forms of feedback controllers which guarantee such
feedback exponential stabilization. We precise that the stabi-
lizing feedback controllers that we proposed in [16] satisfy
the assumptions of Theorem 3 and also that the results of
this paper prove [15, Conjecture 4.4] for spin- 12 systems
and for a more complicated case, since in [15] we assumed
unknown initial conditions but precise knowledge of the
physical parameters. Numerical simulations are provided in
order to illustrate our results and to support the efficiency of
the proposed candidate feedback.
a) Notations: The imaginary unit is denoted by i. We
indicate by 1 the identity matrix. We denote the conjugate
transpose of a matrix A by A∗. The function Tr(A) corre-
sponds to the trace of a square matrix A. The commutator
of two square matrices A and B is denoted by [A,B] :=
AB −BA.
We denote by int(S) the interior of a subset S of a
topological space and by ∂S its boundary.
II. SYSTEM DESCRIPTION
We consider quantum spin- 12 systems. In the following
we describe the evolutions of the actual quantum state and
its associated estimated state assuming that the initial state
and the physical and experimental parameters are not known.
The corresponding coupled system is given by the following
stochastic master equations, in Itoˆ form
dρt = L
u
ω,M(ρt)dt+Gη,M (ρt)
(
dYt −
√
ηMTr(σzρt)dt
)
,
dρˆt = L
u
ωˆ,Mˆ
(ρˆt)dt+Gηˆ,Mˆ (ρˆt)
(
dYt −
√
ηˆMˆTr(σz ρˆt)dt
)
,
where
• the actual quantum state of the spin- 12 system is denoted
as ρ, and belongs to the space S2 := {ρ ∈ C2×2| ρ =
ρ∗,Tr(ρ) = 1, ρ ≥ 0}. The associated estimated state
is denoted as ρˆ ∈ S2,
• the matrices σx, σy and σz correspond to the Pauli
matrices.
• Luω,M (ρ) := −i/2[ωσz + uσy, ρ] + M/4(σzρσz − ρ)
and Gη,M (ρ) :=
√
ηM/2
(
σzρ+ ρσz − 2Tr(σzρ)ρ
)
.
• Yt denotes the observation process of the actual quan-
tum spin- 12 system, which is a continuous semi-
martingale whose quadratic variation is given by
〈Y, Y 〉t = t. Its dynamics satisfies dYt = dWt +√
ηMTr(σzρt)dt, where Wt is a one-dimensional stan-
dard Wiener process,
• u := u(ρˆt) denotes the feedback controller as a function
of the estimated state ρˆt,
• ω ≥ 0 is the difference between the energies of the
excited state and the ground state, η ∈ (0, 1] describes
the efficiency of the detector, andM > 0 is the strength
of the interaction between the system and the probe. The
estimated parameters ωˆ ≥ 0, ηˆ ∈ (0, 1] and Mˆ > 0,
which may not equal to the actual ones.
By replacing dYt = dWt+
√
ηMTr(σzρt)dt in the equation
above, we obtain the following matrix-valued stochastic
differential equations describing the time evolution of the
pair (ρt, ρˆt) ∈ S2 × S2,
dρt = L
u
ω,M (ρt)dt+Gη,M (ρt)dWt, (1)
dρˆt = L
u
ωˆ,Mˆ
(ρˆt)dt+Gηˆ,Mˆ (ρˆt)dWt
+Gηˆ,Mˆ (ρˆt)
(√
ηMTr(σzρt)−
√
ηˆMˆTr(σz ρˆt)
)
dt (2)
If u ∈ C1(S2,R), the existence and uniqueness of the
solution of (1)–(2) can be proved along the same lines
of [19, Proposition 3.5]. Similarly, it can be shown as in [19,
Proposition 3.7] that (ρt, ρˆt) is a strong Markov process in
S2 × S2.
Recall that a density operator ρ ∈ S2 can be uniquely
characterized by the Bloch sphere coordinates (x, y, z) as
ρ =
1+ xσx + yσy + zσz
2
=
1
2
[
1 + z x− iy
x+ iy 1− z
]
,
where the vector (x, y, z) belongs to the ball
B := {(x, y, z) ∈ R3|x2 + y2 + z2 ≤ 1}.
The stochastic differential equations (1)–(2) expressed in
Bloch sphere coordinates take the following form
dxt =
(
−ωyt − M
2
xt + uzt
)
dt−
√
ηMxtztdWt, (3a)
dyt =
(
ωxt − M
2
yt
)
dt−
√
ηMytztdWt, (3b)
dzt = −uxtdt+
√
ηM(1− z2t )dWt. (3c)
dxˆt=
(−ωˆyˆt− Mˆ
2
xˆt+uzˆt+xˆtzˆtE(zt, zˆt)
)
dt−
√
ηˆMˆ xˆtzˆtdWt
(4a)
dyˆt=
(
ωˆxˆt − Mˆ
2
yˆt + yˆtzˆtE(zt, zˆt)
)
dt−
√
ηˆMˆ yˆtzˆtdWt,
(4b)
dzˆt=
(−uxˆt−(1− zˆ2t )E(zt, zˆt))dt+
√
ηˆMˆ(1− zˆ2t )dWt.
(4c)
where E(z, zˆ) :=
√
ηˆMˆ
(√
ηˆMˆ zˆ −√ηMz)).
III. BASIC STOCHASTIC TOOLS
In this section, we introduce some basic definitions and
classical results which are fundamental for the rest of the
paper.
Given a stochastic differential equation dqt = f(qt)dt +
g(qt)dWt, where qt takes values in Q ⊂ Rp, the infinitesimal
generator is the operator L acting on twice continuously
differentiable functions V : Q × R+ → R in the following
way
L V (q, t) :=
∂V (q, t)
∂t
+
p∑
i=1
∂V (q, t)
∂qi
fi(q)
+
1
2
p∑
i,j=1
∂2V (q, t)
∂qi∂qj
gi(q)gj(q).
Itoˆ’s formula describes the variation of the function V along
solutions of the stochastic differential equation and is given
as follows
dV (q, t) = L V (q, t)dt +
p∑
i=1
∂V (q, t)
∂qi
gi(q)dWt.
From now on, the operator L is associated with (1)–(2).
We recall that the Bures metric for the 2-level case,
which measures the “distance” between two density matrices
ρ(1), ρ(2) in S2, is given by
dB(ρ
(1), ρ(2)) :=
√
2− 2
√
F(ρ(1), ρ(2)),
where F(ρ(1), ρ(2)) :=Tr(ρ(1), ρ(2))+2
√
det(ρ(1)) det(ρ(2)).
In particular, the Bures distance between ρ ∈ S2 and a
pure state ρ = ψψ∗ with ψ ∈ C2, is given by dB(ρ,ρ) =√
2− 2√ψ∗ρψ. In view of defining the notion of stochastic
exponential stability for the coupled system (1)–(2), we
introduce the distance
dB
(
(ρ(1), ρˆ(1)), (ρ(2), ρˆ(2))
)
:= dB(ρ
(1), ρ(2))+dB(ρˆ
(1), ρˆ(2))
between two elements of S2 × S2. We denote the ball of
radius r around (ρ, ρˆ) as
Br(ρ, ρˆ) := {(σ, σˆ) ∈ S2 × S2|dB
(
(ρ, ρˆ), (σ, σˆ)
)
< r}.
Definition 1. An equilibrium (ρ, ρˆ) of the coupled sys-
tem (1)–(2) is said to be almost surely exponentially stable
if
lim sup
t→∞
1
t
logdB((ρt, ρˆt), (ρ, ρˆ)) < 0, a.s.
whenever (ρ0, ρˆ0) ∈ S2×S2. The left-hand side of the above
inequality is called the sample Lyapunov exponent of the
solution.
Denote ρg := diag(1, 0) and ρe := diag(0, 1), which are
the pure states corresponding to the eigenvectors of σz . Note
that a pair (ρ, ρˆ) is an equilibrium of (1)–(2) if and only if
{ρ, ρˆ} ⊂ {ρe,ρg} and u(ρˆ) = 0. In order to introduce
the final result of this section, we recall that any stochastic
differential equation in Itoˆ form in RK
dxt = X̂0(xt)dt+
n∑
k=1
X̂k(xt)dW
k
t , x0 = x,
can be written in the following Stratonovich form [20]
dxt = X0(xt)dt+
n∑
k=1
Xk(xt) ◦ dW kt , x0 = x,
where X0(x) = X̂0(x) − 12
∑K
l=1
∑n
k=1
∂X̂k
∂xl
(x)(X̂k)l(x),
(X̂k)l denoting the component l of the vector X̂k, and
Xk(x) = X̂k(x) for k 6= 0.
The following classical theorem relates the solutions of a
stochastic differential equation with those of an associated
deterministic one.
Theorem 1 (Support theorem [22]). Let X0(t, x) be a
bounded measurable function, uniformly Lipschitz continu-
ous in x and Xk(t, x) be continuously differentiable in t
and twice continuously differentiable in x, with bounded
derivatives, for k 6= 0. Consider the Stratonovich equation
dxt = X0(t, xt)dt+
n∑
k=1
Xk(t, xt) ◦ dW kt , x0 = x.
Let Px be the probability law of the solution xt starting at
x. Consider in addition the associated deterministic control
system
d
dt
xv(t) = X0(t, xv(t))+
n∑
k=1
Xk(t, xv(t))v
k(t), xv(0)=x.
(5)
with vk ∈ V , where V is the set of all piecewise constant
functions from R+ to R. Now we define Wx as the set of all
continuous paths from R+ to R
K starting at x, equipped with
the topology of uniform convergence on compact sets, and
Ix as the smallest closed subset of Wx such that Px(x· ∈
Ix) = 1. Then, Ix = {xv(·) ∈ Wx| v ∈ Vn} ⊂ Wx.
IV. FEEDBACK EXPONENTIAL STABILIZATION OF
QUANTUM SPIN- 12 SYSTEMS
Our aim here is to provide sufficient conditions on the
feedback controller u(ρˆ) and a valid domain of the estimated
parameters ωˆ, Mˆ and ηˆ allowing us to exponentially stabilize
the coupled system (1)–(2) towards the target state (ρe,ρe).
By symmetry, the case in which the target state is (ρg,ρg)
can be treated in the same manner.
By employing arguments similar to those in [15, Lemma
3.1], we obtain the following invariance properties for the
coupled system (1)–(2).
Lemma 1. Let (ρt, ρˆt) be the solution of (1)–(2) starting
from (ρ0, ρˆ0). If ρ0 > 0, then P(ρt > 0, ∀t ≥ 0) = 1.
Similarly, if ρˆ0 > 0, then P(ρˆt > 0, ∀t ≥ 0) = 1. In other
words, the sets int(S2) × S2 and S2 × int(S2) are almost
surely invariant for (1)–(2).
We make the following hypothesis on the feedback con-
troller.
H: u ∈ C(S2,R) ∩ C1(S2 \ {ρe},R), u(ρe) = 0 and
u(ρg) 6= 0.
If H is satisfied, then the coupled system (1)–(2) admits
exactly two equilibria : (ρe,ρe) and (ρg,ρe).
The following result, analogous to [15, Lemma 3.3],
provides sufficient conditions guaranteeing that ρt and ρˆt
immediately become positive definite, almost surely.
Lemma 2. Assume that η, ηˆ ∈ (0, 1) and H is satisfied. Then,
for all initial condition (ρ0, ρˆ0) ∈ ∂(S2 × S2) \ {(ρe,ρe) ∪
(ρg,ρe)}, (ρt, ρˆt) ∈ int(S2) × int(S2) for all t > 0 almost
surely.
Next, we show the instability of the equilibrium (ρg,ρe).
Lemma 3. Suppose that H is satisfied and |u(ρˆ)| ≤ C(1−
tr(ρˆρe))
α for C > 0 and α > 12 , then there exists λ > 0 such
that, for all initial condition (ρ0, ρˆ0) ∈ Bλ(ρg,ρe)\(ρg,ρe),
the trajectories of the coupled system (1)–(2) exit Bλ(ρg,ρe)
in finite time almost surely.
Proof. We first show that for a small enough neighborhood
of (ρg,ρe) there exists a constant Γ > 2ηˆMˆ such that L (1−
zˆ) ≥ Γ(1− zˆ).
Indeed, by using the fact that |xˆ| ≤ √1− zˆ, we get
L (1− zˆ) = uxˆ+ (1− zˆ2)E(z, zˆ)
≥
[
− C(1 − zˆ)α− 12 + (1 + zˆ)E(z, zˆ)
]
(1 − zˆ).
The bracketed expression converges to 2ηˆMˆ + 2
√
ηηˆMMˆ
as (z, zˆ) converges to (−1, 1), so that for any Γ ∈
(2ηˆMˆ , 2ηˆMˆ + 2
√
ηηˆMMˆ) there exists a small enough
neighborhood U of (ρg,ρe) such that L (1− zˆ) ≥ Γ(1− zˆ)
holds true. Let τ be the first exit time from U . Due to
Lemma 1, we can apply Itoˆ’s formula to log(1−zˆ), obtaining
L log(1 − zˆ) ≥ Γ − 2ηˆMˆ > 0 on U . By applying Dynkin
formula [20] to log(1− zˆ) we obtain the following
(Γ− 2ηˆMˆ)E(τ) ≤ E(log(1− zˆτ ))− log(1− zˆ0)
≤ log 2− log(1− zˆ0).
Then by Markov inequality, we get
P(τ =∞) = lim
m→∞
P(τ > m) ≤ lim
m→∞
E(τ)/m = 0.
The proof is complete. 
Denote by τr the first time such that the trajectories of the
coupled system (1)–(2) enter inside Br(ρe,ρe), that is
τr := inf{t > 0| (ρt, ρˆt) ∈ Br(ρe,ρe)}.
We have the following lemma.
Lemma 4. Consider the coupled system (1)–(2) and suppose
that the feedback controller satisfies the assumptions of
Lemma 3. Then, for all r > 0 and any given initial state
(ρ0, ρˆ0) ∈ (S2 × S2) \ (ρg,ρe), P(τr <∞) = 1.
Proof. The lemma holds trivially true for (ρ0, ρˆ0) ∈
Br(ρe,ρe), as in that case τr = 0. Let us suppose that
(ρ0, ρˆ0) ∈ (S2 × S2) \Br(ρe,ρe).
Consider the deterministic control system (5) associated
with (1)–(2). Following the proof of [16, Lemma 4.1], we
can easily show that, for every initial condition (ρ0, ρˆ0) and
ǫ > 0, there exist T ∈ (0,∞) and a piecewise constant
controller v(t) such that the corresponding trajectory reaches
Br(ρe,ρe) ∪ Bǫ(ρg,ρe) by time T . Due to Theorem 1,
there exists ζ ∈ (0, 1) such that P(ρ0,ρˆ0)(µr,ǫ < T ) >
ζ 1 , where µr,ǫ := inf{t > 0| (ρt, ρˆt) ∈ Br(ρe,ρe) ∪
Bǫ(ρg,ρe)}. By the compactness of Sr,ǫ := (S2 × S2) \
(Br(ρe,ρe) ∪ Bǫ(ρg,ρe)) and the Feller continuity of
(ρt, ρˆt), we have ζ ≥ ζ0 > 0 for (ρ0, ρˆ0) ∈ Sr,ǫ, so that
sup(ρ0,ρˆ0)∈Sr,ǫ P(ρ0,ρˆ0)(µr,ǫ ≥ T ) ≤ 1− ζ0 < 1. By Dynkin
inequality [11],
sup
(ρ0,ρˆ0)∈Sr,ǫ
E(ρ0,ρˆ0)(µr,ǫ)
≤ T
1− sup(ρ0,ρˆ0)∈Sr,ǫ P(ρ0,ρˆ0)(µr,ǫ ≥ T )
≤ T
ζ0
<∞.
1Recall that P(ρ0,ρˆ0) corresponds to the joint probability law of (ρt, ρˆt)
starting at (ρ0, ρˆ0); the associated expectation is denoted by E(ρ0,ρˆ0).
Then by Markov inequality, for all (ρ0, ρˆ0) ∈ Sr,ǫ,
P(ρ0,ρˆ0)(µr,ǫ <∞) = 1.
Choose λ as in Lemma 3 and take 0 < ǫ < δ < λ. Due
to Theorem 1, the Feller continuity of the solutions (ρt, ρˆt)
and the compactness of Sr,δ there exists κ ∈ (0, 1) such that
P(ρ0,ρˆ0)(µ˜ǫ < τr) ≤ κ < 1 for all (ρ0, ρˆ0) ∈ Sr,δ, where
µ˜ǫ := inf{t > 0| (ρt, ρˆt) ∈ Bǫ(ρg,ρe)}.
Now we define two sequences of stopping times {νkδ }k≥1
and {µ˜kǫ}k≥0 such that µ˜0ǫ = 0,
νk+1δ = inf{t > µ˜kǫ | (ρt, ρˆt) /∈ Bδ(ρg,ρe)}
µ˜k+1ǫ = inf{t > νk+1δ | (ρt, ρˆt) ∈ Bǫ(ρg,ρe)}.
In the following we calculate P(ρ0,ρˆ0)(µ˜
m
ǫ < τr),
P(ρ0,ρˆ0)(µ˜
m
ǫ < τr)
= P(ρ0,ρˆ0)(ν
1
δ < τr, µ˜
1
ǫ < τr, ν
2
δ < τr, . . . , µ˜
m
ǫ < τr)
= P(ρ
ν1
δ
,ρˆ
ν1
δ
)(µ˜
1
ǫ < τr) . . .P(ρνm
δ
,ρˆνm
δ
)(µ˜
m
ǫ < τr) ≤ κm.
For the above calculations, we used the strong Markov
property of (ρt, ρˆt) and Lemma 3, i.e., for all (ρ0, ρˆ0) ∈
Bδ(ρg,ρe) \ (ρg,ρe), P(ρµ˜kǫ ,ρˆµ˜kǫ )(ν
k+1
δ <∞) = 1.
Thus, for all (ρ0, ρˆ0) ∈ (S2 × S2) \ (ρg,ρe), we have
P(ρ0,ρˆ0)(τr = ∞) = P(ρ0,ρˆ0)(µ˜mǫ < ∞, ∀m > 0) = 0.
Then, the proof is complete. 
The following result provides general Lyapunov-type con-
ditions ensuring exponential stabilization towards the target
state (ρe,ρe).
Theorem 2. Assume that (ρ0, ρˆ0) ∈ (S2 × S2) \ (ρg,ρe)
and the feedback controller satisfies the assumptions of
Lemma 3. Additionally, suppose that there exists a function
V (ρ, ρˆ) such that V (ρe,ρe) = 0, V is positive outside
the equilibrium (ρe,ρe), continuous on S2 × S2 and twice
continuously differentiable on the set int(S2) × int(S2).
Moreover, suppose that there exist positive constants C, C1
and C2 such that
(i) C1dB
(
(ρ, ρˆ), (ρe,ρe)
)≤V(ρ, ρˆ)≤C2dB((ρ, ρˆ), (ρe,ρe))
for every (ρ, ρˆ) ∈ S2 × S2,
(ii) lim sup(ρ,ρˆ)→(ρe,ρe)
LV (ρ,ρˆ)
V (ρ,ρˆ) ≤ −C.
Then, (ρe,ρe) is a.s. exponentially stable for the coupled
system (1)–(2) with sample Lyapunov exponent less than or
equal to −C − K2 , where K := lim inf(ρ,ρˆ)→(ρe,ρe) ϕ2(ρ, ρˆ)
with ϕ(ρ, ρˆ) := ∂V (ρ,ρˆ)∂ρ
Gη,M (ρ)
V (ρ,ρˆ) +
∂V (ρ,ρˆ)
∂ρˆ
Gηˆ,Mˆ (ρ)
V (ρ,ρˆ) .
Sketch of the proof. To prove Theorem 2 one may follow
the same steps as in [17, Theorem 6.2], making use of the
preliminary lemmas stated above. In particular the presence
of a function V satisfying (i) and such that L V ≤ 0 may
be used to prove that (ρe,ρe) is a locally stable equilibrium
in probability, that is, given ǫ > 0 there exists δ > 0 and
η > 0 small enough such that P(ρt ∈ Bǫ(ρe,ρe), ∀t ≥
0) ≥ η, provided that ρ0 ∈ Bδ(ρe,ρe). This, together with
Lemma 4 and the strong Markov property of (ρt, ρˆt), implies
the almost sure convergence to the target equilibrium. Finally,
in view of Lemma 2, the C2 regularity of the function V in
int(S2)× int(S2) and the condition (ii) imply
lim sup
t→∞
1
t
logV (ρt, ρˆt) ≤ −C − K
2
, a.s.
(see [17, Theorem 6.2] for more details). The result then
follows from condition (i).
Next, under an additional assumption on the physical
parameters η, ηˆ,M, Mˆ , we show the stabilizability of (1)–
(2) by explicitly exhibiting a Lyapunov function satisfying
the assumptions of Theorem 2.
Theorem 3. Consider the coupled system (1)–(2) with
(ρ0, ρˆ0) ∈ (S2 × S2) \ (ρg,ρe). If ηˆMˆ < 4ηM and u
satisfies the assumptions of Lemma 3, then (ρe,ρe) is almost
surely exponentially stable with sample Lyapunov exponent
less than or equal to −
√
ηˆηMˆM − 12 min{ηM − ηˆMˆ , 0}.
Proof. We set V (ρ, ρˆ) =
√
1− z + √1− zˆ as a candidate
Lyapunov function, and we show that it satisfies the assump-
tions of Theorem 2.
The nonnegative function V is equal to zero at the equi-
librium, it is continuous on S2 ×S2 and twice continuously
differentiable on int(S2)× int(S2).
Condition (i) of Theorem 2 follows from straightforward
computations.
We show that the condition (ii) holds true. The infinites-
imal generator of the candidate Lyapunov function is given
by L V (ρ, ρˆ) = uU1(ρ, ρˆ) + U2(ρ, ρˆ), where
U1(ρ, ρˆ) =
1
2
(
x(1 − z)− 12 + xˆ(1− zˆ)− 12 ),
U2(ρ, ρˆ) = −1
8
[
ηM(1 + z)2
√
1− z + ηˆMˆ(1 + zˆ)2
√
1− zˆ
]
+
1
2
√
ηˆMˆ(1 + zˆ)
(√
ηˆMˆ zˆ −
√
ηMz
)√
1− zˆ.
Using the fact that |x| ≤
√
2(1− z) and |xˆ| ≤
√
2(1− zˆ)
we get that |U1(ρ, ρˆ)| ≤
√
2. Since |u| ≤ c(1− tr(ρˆρe))α =
c(1−zˆ2 )
α for some c > 0 and α > 12 , we then have
lim
(ρ,ρˆ)→(ρe,ρe)
uU1(ρ, ρˆ)
V (ρ, ρˆ)
= 0.
Hence
lim sup
(ρ,ρˆ)→(ρe,ρe)
L V (ρ, ρˆ)
V (ρ, ρˆ)
= lim sup
(ρ,ρˆ)→(ρe,ρe)
U2(ρ, ρˆ)
V (ρ, ρˆ)
= lim sup
(z,zˆ)→(1,1)
−ηM√1− z − (2
√
ηˆηMˆM − ηˆMˆ)√1− zˆ
2V (z, zˆ)
=
1
2
max{−ηM,−2
√
ηˆηMˆM + ηˆMˆ}
= −
√
ηˆηMˆM +
1
2
ηˆMˆ , (6)
which is negative under the assumptions of the theorem. This
proves the condition (ii) of Theorem 2.
Furthermore, in the notations of Theorem 2, we have
K = lim inf
(ρ,ρˆ)→(ρe,ρe)
ϕ2 = min{ηM, ηˆMˆ},
and the sample Lyapunov exponent is less than or equal to
−
√
ηˆηMˆM − 12 min{ηM − ηˆMˆ , 0}.
Next, we give an example of feedback controller satisfying
the assumptions of the theorem above.
Proposition 1. Consider the coupled system (1)–(2) with
(ρ0, ρˆ0) ∈ (S2 × S2) \ (ρg,ρe) and suppose ηˆMˆ < 4ηM .
Define the feedback controller
u(ρˆ) = α
(
1− Tr(ρˆρe)
)β
, (7)
where α > 0 and β ≥ 1. Then, (ρe,ρe) is almost surely
exponentially stable with sample Lyapunov exponent less
than or equal to −
√
ηˆηMˆM − 12 min{ηM − ηˆMˆ , 0}.
Note that in [15, Conjecture 4.4] we proposed candidate
feedback laws in order to exponentially stabilize spin-J
systems in the case of unknown initial states. Proposition 1
provides a positive answer to such a conjecture assuming,
in addition to unknown initial states, unawareness of the
physical parameters.
Remark 1. By a symmetric reasoning, the feedback con-
troller
u(ρˆ) = α
(
1− Tr(ρˆρg)
)β
, (8)
with α > 0 and β ≥ 1, almost surely exponentially stabilizes
the coupled system (1)–(2) with (ρ0, ρˆ0) ∈ (S2 × S2) \
(ρe,ρg), towards (ρg,ρg) with sample Lyapunov exponent
less than or equal to −
√
ηˆηMˆM − 12 min{ηM − ηˆMˆ , 0}.
V. SIMULATION
In this section, we first illustrate the convergence of the
coupled system (1)–(2) starting at (x0, y0, z0) = (1, 0, 0) and
(xˆ0, yˆ0, zˆ0) = (0, 1, 0) towards the target state (ρe,ρe) by
applying a feedback law of the form (7). This is shown in
Figure 1. Then, in Figure 2, we show the convergence of the
coupled system starting at the same initial states, towards the
target state (ρg,ρg) by a feedback law of the form (8).
By Equation (6), heuristically we have that the rate of
convergence of the expectation of the Lyapunov function is
less than or equal to νav := −(ηˆηMˆM)1/2 + ηˆMˆ/2. This
property is confirmed through simulations, see Fig. 1 and
Fig. 2 (for the target state (ρg,ρg), we take V (ρ, ρˆ) =√
1 + z +
√
1 + zˆ). In the figures, the blue curves represent
the exponential reference with the exponent νav and the
black curves describe the mean values of the Lyapunov
functions (Bures distances) of ten samples. On the figures, in
particular in the semi-log versions, we can see that the black
and the blue curves have similar asymptotic behaviors. The
red curves describe the exponential reference with exponent
νs := −(ηˆηMˆM)1/2 − 12 min{ηM − ηˆMˆ , 0} and the cyan
curves represent the behaviors of ten sample trajectories. We
observe that the red cuves and the cyan curves have similar
asymptotic behaviors.
VI. CONCLUSION
In this paper, we studied the robustness of the stabilizing
feedback strategy proposed in [16] for the case of spin- 12
systems if initial states and physical parameters are unknown.
We showed such a robustness property by analyzing the
asymptotic behavior of the coupled system describing the
evolutions of the quantum filter and the associated estimated
Fig. 1. Exponential stabilization of the coupled system towards (ρe,ρe)
with the feedback law (7) starting at (x0, y0, z0) = (1, 0, 0) and
(xˆ0, yˆ0, zˆ0) = (0, 1, 0) with ω = 0.3, η = 0.3, M = 1.3, ωˆ = 0.5,
ηˆ = 0.5, Mˆ = 1.5, α = 10 and β = 2: the black curves represent
the mean value of 10 arbitrary sample trajectories, the red curves represent
the exponential reference with exponent νs = −0.5408, the blue curve
represents the exponential reference with exponent νav = −0.3458. The
figures at the bottom are the semi-log versions of the ones at the top.
Fig. 2. Exponential stabilization of the coupled system towards (ρg,ρg)
with the feedback law (8) starting at (x0, y0, z0) = (1, 0, 0) and
(xˆ0, yˆ0, zˆ0) = (0, 1, 0) with ω = 0.3, η = 0.3, M = 1.3, ωˆ = 0.5,
ηˆ = 0.5, Mˆ = 1.5, α = 10 and β = 2: the black curves represent
the mean value of 10 arbitrary sample trajectories, the red curves represent
the exponential reference with exponent νs = −0.5408, the blue curves
represent the exponential reference with exponent νav = −0.3458. The
figures at the bottom are the semi-log versions of the ones at the top.
state under appropriate assumptions on the feedback con-
troller. More precisely, we showed exponential stabilization
of the coupled system towards a pair (ρ¯, ρ¯), with ρ¯ being a
chosen eigenstate of the measurement operator σz . Moreover,
we gave an example of feedback control law proving [15,
Conjecture 4.4] for spin- 12 systems and supposing, in addi-
tion to unknown initial states and unlike [15], that the exact
values of the physical parameters are not accessible. A future
research line will concern the robustness properties of the
feedback controller considered in [17] for spin-J systems.
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